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Abstract
A new set of mathematical identities is presented for axi-symmetric
sessile drops on flat and curved substrates. The geometrical parameters,
including the apex curvature and height, and the contact radius, are re-
lated by the identities. The validity of the identities are checked by various
numerical solutions both for flat and curved substrates.
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1 Introduction
The study of drops with the effect of gravity being balanced with the surface
tension goes back to more than a century [1], followed by renewal updates
extending and refining the original treatment [2–4]. More recent efforts have
concentrated on presenting approximate analytical solutions or developing more
efficient methods for numerical solutions [5–20].
Heuristically, the balance between the surface effects and the bulk ones would
fix the profile of a drop. While the gravity lowers the center of mass, the surface
tension (γ) tends to decrease the surface, and the adhesion coefficient (σ) tends
to increase the surface of the contact region. For a drop with volume V , density
% and comparable surface effects (i.e. σ ∼ γ), the so-called Bond number defined
by the dimensionless combination V 2/3% g/γ would determine whether weight
has the dominant contribution or not.
Mathematically, at every point of the drop’s surface the Young-Laplace re-
lation holds,
γ
(
1
R1
+
1
R2
)
= ∆p (1)
where (R1, R2) are two principal radii of curvature at the point, and ∆p ≡ pl−pv
is the pressure jump across the liquid-vapor interface. As the hydrostatic laws
express ∆p in terms of the surface equation, the Young-Laplace relation is the
differential equation by which, together with the boundary conditions, the drop’s
profile is determined. As one of the boundary conditions, the contact angle (ϑ)
is fixed by the Young equation
cosϑ =
σ
γ
− 1. (2)
The purpose here is to present a set of mathematical identities for sessile
drops. In particular, for the cases of sessile drops on flat and curved substrates,
by direct integration of Young-Laplace relation over the entire surface of drop,
exact identities are derived. The geometrical parameters of drop, including
the height and curvature at the apex and the contact radius of the drop are
related by the identities. The importance of the mentioned parameters is that,
they are initially unknown, and are determined only after the complete solution
is available. The validity of the identities are checked by various numerical
solutions both for flat and curved substrates.
2 The mathematical setup and derivation
Using the cylindrical coordinate setup given in Fig. 1 the total curvature of the
axi-symmetric surface z = f(ρ) is given by
1
R1
+
1
R2
=
1
ρ
d
dρ
(
ρ
|f ′|√
1 + f ′ 2
)
, (3)
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Figure 1: The geometry of the mathematical setup for: a) ϑ < 90◦, b) ϑ > 90◦.
where f ′ = df/dρ. On the other hand, the pressure jump in presence of gravity
gets contribution from the weight of the drop’s layers as well, leading to
∆p(z) = ∆pγ + %g(h− z) (4)
in which h is the height of the drop’s apex, and ∆pγ is a constant representing
the pressure jump due to the surface tension. So, the Young-Laplace relation
reads
∓ 1
ρ
d
dρ
(
ρ
f ′±√
1 + f ′ 2±
)
= 2κ+
%g
γ
(h− f±). (5)
in which f+ and f− are denoting the upper and lower parts of the drop, respec-
tively (see Fig. 1b), and κ := ∆pγ/(2 γ). At apex (h = f+(0)) we have R1 = R2,
and so by (1), κ is simply the curvature at apex.
The main issue with equation (5) is that the parameters h and κ are not
known at the first place, and would be determined only after the complete so-
lution is available. So at starting point the main equation is not fully known.
Further, the contact radius ρ0 (Fig. 1), as the limiting value for the variable ρ,
is not known at first place. As will be seen shortly, by integrating the Young-
Laplace relation an identity is obtained which relates the three unknown param-
eters in a very helpful way. Hereafter, the cases for flat and curved substrates
are considered separately.
2.1 Flat substrate
The boundary conditions for ϑ > 90◦ are:
f ′+(0) = 0 (6)
f ′−(ρ0) = − tanϑ, (7)
f−(ρ0) = 0. (8)
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We mention f ′+ < 0 and f
′
− > 0. In case with ϑ < 90
◦ (7) and (8) are valid
for f+. In what follows we mainly consider the case with ϑ > 90
◦. The gen-
eralization to case with ϑ < 90◦ is rather straightforward. Integrating the
Young-Laplace relation for the upper and lower parts of drop leads to
ρ1 =
(
κ+
%g
2γ
h
)
ρ21 −
%g
γ
∫ ρ1
0
ρf+(ρ)dρ (9)
ρ1 − ρ0 sinϑ =
(
κ+
%g
2γ
h
)
(ρ21 − ρ20)−
%g
γ
∫ ρ1
ρ0
ρf−(ρ)dρ (10)
in which we have used
f ′−√
1 + f ′2−
∣∣∣∣∣∣
ρ0
=
− tanϑ√
1 + tan2 ϑ
= sinϑ (11)
for ϑ > 90◦. Subtracting (9) and (10) leads to the identity
κ+
%g
2γ
h =
sinϑ
ρ0
+
%gV
2piγ ρ20
(12)
in which we have used the relation for the volume of drop,
V
2pi
=
∫ ρ1
0
ρf+(ρ)dρ−
∫ ρ1
ρ0
ρf−(ρ)dρ. (13)
It is easy to show that identity (12) is valid for the acute contact angle (ϑ < 90◦)
as well. It is emphasized in (12) no approximation is used, hence it is an exact
relation.
It would be useful to check the above identity for the case with absence of
gravity, in which, as only the surface effects are present, the drop’s surface is
part of sphere. By direct insertion it can be seen that the following satisfies the
Young-Laplace relation (5),
z = f0±(ρ) = ±
√
R2 − ρ2 + z0 (14)
representing a sphere with radius R whose center is located at z = z0. Following
a simple geometrical argument in the sphere (see Fig. 1), we have
ρ0 = R sinϑ, z0 = −R cosϑ. (15)
As on the surface of a sphere the curvature is constant, we have κ = 1/R. By
setting g = 0 in the identity (12), it is simply satisfied by the given values.
2.2 Curved substrate
In the lines similar to the case for the flat case, we can derive the identities
for curved substrate as well. The main differences, as follow, appear in the
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Figure 2: The four possible situations for drop on curved substrate s(ρ), and definition
of the angle ϑ˜ (single-arc), as the angle between the drop and horizontal line at the
contact point. The contact angle is represented by double-arc. Other parameters are
the same as Fig. 1.
boundary condition, and in the way that volume of drop comes to the play.
The possible situations are represented in Figs. 2 & 3. Here the angle between
the drop’s surface at contact point and the horizontal line, denoted by ϑ˜ in
Figs. 2 & 3, appears as part of the boundary conditions. First let us consider
cases shown in Fig. 2. For cases with obtuse angle, the boundary conditions
read:
f ′+(0) = 0 (16)
f ′−(ρ0) = − tan ϑ˜. (17)
Again, in case with ϑ < 90◦ (17) is valid for f+. In what follows we mainly
consider the case with ϑ > 90◦. The generalization to case with ϑ < 90◦ is
rather straightforward. Integrating the Young-Laplace relation for the upper
and lower parts of drop leads to
ρ1 =
(
κ+
%g
2γ
h
)
ρ21 −
%g
γ
∫ ρ1
0
ρf+(ρ)dρ (18)
ρ1 − ρ0 sin ϑ˜ =
(
κ+
%g
2γ
h
)
(ρ21 − ρ20)−
%g
γ
∫ ρ1
ρ0
ρf−(ρ)dρ (19)
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ϑ˜Figure 3: The case for drop with acute contact angle (double-arc) but concave surface.
in which, as mentioned before, ϑ˜ is the angle between the drop’s surface at
contact point and horizontal line (Fig. 2), for which we have
f ′−√
1 + f ′2−
∣∣∣∣∣∣
ρ0
=
− tan ϑ˜√
1 + tan2 ϑ˜
= sin ϑ˜. (20)
Subtracting (18) and (19) leads to the identity
κ+
%g
2γ
h =
sin ϑ˜
ρ0
+
%g
2piγ ρ20
(V + Vs) (21)
in which we have used the following relations for the volumes,
V
2pi
=
∫ ρ1
0
ρf+(ρ)dρ−
∫ ρ1
ρ0
ρf−(ρ)dρ− Vs
2pi
, (22)
Vs
2pi
=
∫ ρ0
0
ρ s(ρ)dρ, (23)
in which s(ρ) is the equation of the substrate (Fig. 2). It is easy to show that
identity (21) is valid for the acute contact angle as well. Again, it is emphasized
in (21) no approximation is used, hence it is an exact relation.
Now we come to the case shown in Fig. 3, in which ρ = 0 makes a dimple.
For this case the Young-Laplace relation reads:
1
ρ
d
dρ
(
ρ
f ′−√
1 + f ′ 2−
)
= 2κ− %g
γ
(h− f−), (24)
by which after integration one finds
ρ0 sin ϑ˜ =
(
κ− %g
2γ
h
)
ρ20 +
%g
γ
∫ ρ0
0
ρf−(ρ)dρ, (25)
or, by the relations for volumes,
κ− %g
2γ
h =
sin ϑ˜
ρ0
− %g
2piγ ρ20
(V + Vs) (26)
So, for case in Fig. 3 the identity finds a slightly different form than others.
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3 Check of identities
In order to provide the numerical tests of the identities obtained in previous
section, here a collection of numerical solutions is presented which covers all the
situations for which the identities are claimed to hold. The outputs of numerical
solutions, including the contact radius ρ0, apex height h and curvature κ, and
in case for curved substrates the angle ϑ˜, are presented in Tabs. 1-4, by which
the direct tests of identities are made possible. As illustrations, the plots of all
of the numerical solutions are presented in Figs. 4-7.
Cont. angl. % Bond ρ0 h κ
g/cm3 no. cm cm cm−1
0 0 0.526 0.218 1.345
ϑ = 45◦ 0.5 1.51 0.546 0.194 0.990
1.0 3.02 0.564 0.175 0.729
1.5 4.52 0.581 0.159 0.536
Table 1: The geometrical values by the numerical solutions of Young-Laplace relation
for drops with acute contact angle, plotted in Fig. 4. For all: V = 0.1 cm3, g =
980 cm/s2, γ = 70 dyn/cm.
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Figure 4: The plots of numerical solutions of Young-Laplace relation for drops on flat
substrate with acute contact angle, given at Tab. 1 (scales: 1:1).
Cont. angl. % Bond ρ0 h κ
g/cm3 no. cm cm cm−1
0 0 0.208 0.501 3.404
ϑ = 135◦ 0.5 1.51 0.264 0.420 2.799
1.0 3.02 0.295 0.375 2.332
1.5 4.52 0.317 0.343 1.954
Table 2: The geometrical values by the numerical solutions of Young-Laplace relation
for drops with obtuse contact angle, plotted in Fig. 5. For all: V = 0.1 cm3, g =
980 cm/s2, γ = 70 dyn/cm.
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Figure 5: The plots of numerical solutions of Young-Laplace relation for drops on flat
substrate with obtuse contact angle, given at Tab. 2 (scales: 1:1).
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